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Abstract

Quantum mechanics predicts that for single quanta interference is limited to
pairs of events. It can therefore be categorized as “second-order interference
theory”. In this thesis, we wish to explore possibility of “higher-order inter-
ference”, exemplified by generalizations of Young’s double slit experiment to
three and more paths. We show in the thesis that it is possible to create
higher-order interference using non-linear processes within second quantiza-
tion formalism and it is present in some extensions of quantum mechanics.
We also discuss operational advantages of utilizing higher-order interference
and propose precise experiment with atoms to bound its presence.
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Chapter 1

Introduction

This thesis aims to explore “genuine multipath interference”. First we will
introduce the familiar concept of “interference”, and then define the phrase
“genuine multipath”. We begin with interference of classical objects, followed
by quantum interference, abstract definition of higher-order interference and
present evidences and scenarios showing absence of higher-order interference
in experiments.

1.1 Interference

Interference is a physical phenomenon where two or more waves meet at the
same point. The waves have to be of the same type, e.g. waves on water,
electromagnetic waves in classical domain or “probability waves” in quantum
domain.

1.1.1 Classical interference

In classical interference, the displacement of the resulting wave is equal to
the sum of the displacements of the individual waves at the point.

AR = A1 + A2 (1.1)

where Aj denotes the displacement of the constituent waves and AR that
of the resulting wave. Therefore, in the simplest case of plane waves with
fixed wavelengths, complete constructive and destructive interference occurs
if their relative phase difference is 0 and π respectively (up to addition of
integer multiple of 2π).
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1.1.2 Evidence of classical interference

One example of classical interference is double-slit experiment, e.g. with
water waves or electromagnetic waves, see Fig. 1.1. Another example is
noise cancellation, in which a speaker produces an equal but out-of-phase
sound wave in order to destructively interfere with surrounding noise.

Figure 1.1: Interference of water waves created by bouncing two spheres
simultaneously. The result is alternating regions of destructive interference,
with calm water surface, and regions of constructive interference, with large
ripples. Image adapted from Youtube channel “Veritasium” [1].

1.1.3 Quantum interference

In abstract formulation, quantum interference can be observed in the transi-
tion from one state to another. Quantum states can be described in bra-ket
notation as:

|ψ〉 =
∑
i

|i〉 〈i|ψ〉

=
∑
i

ψi |i〉 (1.2)

where |i〉 are the vectors forming a basis, ψi are complex numbers satisfying
normalization condition

∑
i |ψi|

2 = 1. If we want to calculate the transition
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probability from |ψ〉 to |φ〉, the usual approach is to take the inner product:

P (|ψ〉 −→ |φ〉) = |〈ψ|φ〉|2

=
∑
i,j

〈ψ|i〉 〈i|φ〉 〈φ|j〉 〈j|ψ〉

=
∑
i,j

ψ∗i φiφ
∗
jψj

=
∑
i=j

|ψi|2 |φi|2 +
∑
i 6=j

ψ∗i φiφ
∗
jψj (1.3)

If the quantum particle were prepared in state |ψ〉 = |i〉, the transition
probability would be |φi|2. It is the presence of the second term in the
expression that reveals the superposition of different |i〉s in |ψ〉. This term
is called “quantum interference term”. It is important to note that quantum
interference happens for each individual quantum particle, i.e. a quantum
particle can interfere with itself.

1.1.4 Evidence of quantum interference

When Einstein explained the photoelectric effect, the wave-particle dual na-
ture of light became apparent. De Broglie hypothesised that similar effects
should be present with massive particles too. Indeed their interference has
been experimentally verified for electrons [2], fullerenes [3,4] and even larger
molecules [5]. Futhermore, quantum interference is required to explain single-
click version of the double slit experiment [6].

1.1.5 Higher-order interference

Consider now an interference experiment with three or more slits. It turns
out that in quantum mechanics, the probability to find an object around
a given point on the screen is a simple arithmetic sum of the probabilities
obtained with double slit experiments. This is in contrast to the double-slit
experiment per se, where we cannot express the fringe pattern as the sum of
the single-slit patterns.
We now introduce the term “order of interference”. Consider the experiments
with slits, the first order of interference is equal to the intensity on the screen
when one slit is open.

S1 ≡ I1
1 (1.4)
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where I is the photon intensity (particle count for electron experiment)
formed on the screen at any fixed point with a particular experimental ar-
rangement. Superscript denotes the total number of slits, subscript denotes
the indices of slits open. The second order interference, which is known to be
non-zero from the experimental results on quantum particles is defined as:

S2 ≡ I2
12 − I1

1 − I1
2 (1.5)

Similarly, for three slits [7]:

S3 ≡ I3
123 − I2

12 − I2
13 − I2

23 + I1
1 + I1

2 + I1
3 (1.6)

“Genuine multipath interference” is then defined as third- and higher-order
interference effects which cannot be reduced to sum of lower-order interfer-
ences, which in our notation above is signified by S3 6= 0.

1.1.6 Sorkin’s quantity

The “hierarchy of order of interference” in this thesis was introduced by
Rafael Sorkin [7] to generalize interference effects. Intensity in our case is
generalized to a non-negative number associated to a set, which he calls its
“quantum measure”. The nth order of interference is:

Sn ≡ In123...n −
∑

In−1
123...(n−1) +

∑
In−2

123...(n−2)...+ (−1)n−1

n∑
k

I1
k (1.7)

where the sum runs over all combinations of distinct “sets” (or slits in our
case) and the sign alternates between each summand.
These expressions can be recursively obtained using the following lemma [7]:

Lemma 1.

Sn+1(1, 2, 3 · · ·n, x) = Sn(1∪ x, 2, 3 · · ·n)−Sn(x, 2, 3 · · ·n)−Sn(1, 2, 3 · · ·n)

An immediate consequence is that Sn+1 vanishes if Sn is linear in its argu-
ments. For example,

S2 = I2
12 − I1

1 + I1
2 (1.8a)

if I2
12 = I1

1 + I1
2 (1.8b)

then S2 = 0 (1.8c)

Second consequence is that if Sn is identically 0, so will Sn+k, where k > 0.
A particular physical theory can then be categorized by the last order at
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which the Sorkin’s quantity is non-zero. If we set the first order S1 = 0,
it means no measurement amplitude is possible, hence zero-th level theories
are trivial and uninteresting. The second order expresses the additivity of
classic measure theory, where probabilities from distinct events, with classical
particles, simply add together. Quantum mechanics violates this classical
additivity, and it is an example of a model in the class of “second-order
measure theory”. Sorkin showed that S3 = 0 for a quantum model with
individual quanta and we will repeat this argument later in this thesis.

1.1.7 Link between Sorkin’s quantity and Born’s rule

The observation that quantum mechanics does not give rise to multipath
interference was made for the first time about 20 years ago [7], and was
linked to the validity of Born’s rule.
If we define the intensities as:

I2
12 ∼ |ψ1 + ψ2|2 (1.9)

I1
1 ∼ |ψ1|2 (1.10)

I1
2 ∼ |ψ2|2 (1.11)

then S3 = 0 by:

S3 = |ψ1 + ψ2 + ψ3|2

− |ψ1 + ψ2|2 − |ψ1 + ψ3|2 − |ψ2 + ψ3|2

+ |ψ1|2 + |ψ2|2 + |ψ3|2 (1.12)

since the intensity at any point on the screen is proportional to the square of
the sum of the probability amplitudes, only products of two amplitudes are
present in interference terms. So naturally higher-order interference is miss-
ing. Experiments were set up to look for genuine multipath interference and
to test the Born rule [8–11] and found absence of higher-order interference.

1.1.8 Observed absence of higher-order interference

We can experimentally determine if third-order interference pattern is indeed
zero in nature. Some experiments were done with single photons [8–10] and
in a NMR setup [11] and show that indeed there is a strict upper-bound on
higher-order interference compared to the second-order interference.
In slit experiments where exotic non-classical looped trajectories are consid-
ered [12], the quantum interference effects can be observed too, and give rise
to S3 6= 0, but only in the near-field region.
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1.1.9 Operational advantage of higher-order interfer-
ence

In addition to being of fundamental interest, higher-order interference also
has practical implications. It has been shown that multipath interference pro-
vides an advantage over quantum mechanics in the task called the “three col-
lision problem” [13] and may be advantageous over quantum algorithms [14],
although this is not the case in searching [15]. It will be demonstrated
later in the thesis that higher-order interference improves on the efficiency of
“interaction-free measurements” over quantum mechanics.

1.2 Plan of the thesis

Having described basic motivations to look at higher-order interference, we
proceed to the main body of the thesis, which is organized as follows.
Chapter 2 presents the theory for an atomic equivalent of optical triple-slit
experiment. We wish to test the universality of quantum mechanical frame-
work, since it is expected to hold not only in optical experiments, but in all
physical systems. The bound on Sorkin’s quantity may be lowered from 10−4

in earlier optical experiments to 10−5 in our proposed atomic setup, due to
the increased number of particles and the number of experiments that can
be done within relatively short time.
Chapter 3 explores the possibility of non-zero Sorkin’s quantity within canon-
ical quantum mechanics. The idea is to consider interference effects within
second quantization. It turns out that Sorkin’s quantity can be used to detect
non-linear elements in experimental setups. The corresponding verification
is currently under way, using quantum optics.
Chapter 4 introduces a “post-quantum” theory of “density cube”, extending
the concept of quantum coherence to three levels, and explores the conse-
quences and possible advantages of the model when compared to the quan-
tum model. We argue that the obtained advantage is too strong to be present
in nature. This sheds light on why we might never be able to observe higher-
order interference with singe quanta theoretically.
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Chapter 2

Interference of atoms: analogue
of three-slit experiment 1

The double-slit experiment with single particle at a time is a landmark of
quantum phenomena. This observation has been linked to the validity of
Born’s rule and it was first tested in three-slit experiments with single pho-
tons [8,9], and mimicked with nuclear magnetic resonance (NMR) [10]. The
figure of merit measured in these experiments is the magnitude of the triple-
slit interference term (that is supposed to be vanishing) as compared to the
magnitude of the double-slit fringes. This ratio was measured down to the
level of 10−2 in [8] and in the recent optics experiment it was improved to
10−4 [11] in semi-classical regime, beating the precision of the NMR experi-
ment [10], which is 10−3. We propose to test higher-order interference using
atomic system. The main motivation is to test Born’s rule, where it is ex-
pected to be universally valid and yet it has not been verified with atoms.

2.1 Advantages of atomic experiment

It is important to mention that small non-zero third-order interference term
is expected in optical multi-slit experiments, but is measurable only in near
field regime. In essence, it is due to different boundary conditions in the
experiments with many open slits versus superposition of waves emerging
from many single slits [16–19]. These effects have been recently observed
in [12, 20]. Moving away from the spatial domain removes the issue with
the boundary conditions. In particular, in our proposal the spatial super-
position is replaced by superposition of energy eigenstates. Furthermore, in
contradistinction to the NMR setup, atoms can be prepared in essentially

1Based on Phys. Rev. A 101, 052111
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pure states whereas NMR sample is in a highly mixed state

ρNMR = (1− ε)1
d

+ ερpure

where ε is of order 10−5 or less [21,22]. In other words, if the complete initial
NMR state was taken into account there would be almost no interference to
start with. Finally, and different from Ref. [10], we aim at providing complete
analogue of the spatial experiment which includes models of blocking the slits
within the atomic system. Ultimately, due to parallel processing with many
atoms, the atomic setup can also improve one order of magnitude the results
on the figure of merit from the previous experiments.

2.2 Experimental proposal

Figure 2.1: Schematic of the experiment testing third-order interference.
Temporal order is from left to right. A particle is prepared in one of the three
states and enters the tritter box Uτ that prepares a superposition over the
three possibilities. The boxes inside the interferometer denote the “blockers”,
i.e. they eliminate particles in states that are being blocked. The blockers
can be put in or removed from the setup at will. The particle evolves inside
the interferometer for time T . The second tritter U−1

τ closes the interferom-
eter loop after which the probability of registering the particle in the initial
state is estimated. In order to find κ, see Eq. 2.1, one repeats this experiment
for all combinations of placing blockers in the setup.

A generic experiment testing third-order interference is depicted and de-
scribed in Fig. 2.1. In the spatial domain it is a version of Mach-Zehnder
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interferometer with three paths and path blockers inside the interferometer.
In the atomic setup we propose to replace the spatial paths with energy
eigenstates. The input state is then a ground state of the atom. The role
of the tritter, generalisation of the beam-splitter to three paths [23], is to
prepare suitable coherent superposition of the energy states and we shall
explain how this can be achieved with generalised Raman transitions in Sub-
sec. 2.2.2. The effect of the blockers is to proceed with the experiment only if
the atoms are not in the blocked state, without affecting coherence between
the remaining states. This is reminiscent to Leggett’s “ideal negative result”
procedures [24,25]. We shall describe various ways of realising blockers within
the atomic system. The final stage of the setup comprises one more tritter
and measurement of the probability that the atom is in the initial ground
state. Altogether the atomic setup is a Ramsey interferometer, with three
energy eigenstates. We introduce the figure of merit κ here, defined as the
ratio of the hypothetical third-order interference to the sum of the expected
second-order interference,

κ =
S3

|S2
12|+ |S2

13|+ |S2
23|

(2.1)

where S2
jk is the second-order Sorkin’s quantity with slits j, k open. This

figure of merit allows us to gauge the strength of the unknown third-order
interference against the known second-order interference.

2.2.1 Initial state

We envisage this experiment with atoms such as Strontium which in suitable
energy subspace have the tripod energy diagram given in Fig. 2.2. The three
lower states are stable and we shall refer to them as ground states. We assume
they have different magnetic quantum number and hence can be addressed
individually with suitably polarised and arranged lasers. We take the atoms
inside external magnetic field and hence the three states have depicted energy
differences. This energy configuration gives rise to a natural input state to
the setup in Fig. 2.1, i.e. |1〉. We note that the initial state is practically
pure after optical pumping and if needed states |2〉 and |3〉 can be obtained
in essentially noiseless way via stimulated Raman adiabatic passage [26].

2.2.2 Tritter

Here, we explain how to realize superposition over the three ground states.
Let us first consider only the |2〉 ↔ |e〉 transition. This two-level system can
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Figure 2.2: Energy diagram for (a) tritter and (b) inverse tritter using the
sign change of detuning ∆.

be described by Rabi oscillation. The total Hamiltonian Ĥ of the subsystem
is separated into two components, the bare Hamiltonian Ĥ0, and the driving
field Hamiltonian Ĥint:

Ĥ = Ĥ0 + Ĥint (2.2a)

Ĥ0 = ~
[
0 0
0 ω2 + ∆

]
(2.2b)

Ĥint = ~
[

0 Ω cos(ω2t)
Ω∗ cos(ω2t) 0

]
(2.2c)

where ω2 + ∆ is the frequency of the transition, ∆ the detuning, ω2 is laser
frequency, and we chose the energy of the ground state |2〉 to be 0.
We turn to interaction picture to simplify the Hamiltonian further. The
transformation is as follows:

ĤB = ~
[
0 0
0 ω2

]
(2.3)

H̄int = e
iĤBt/~ (Ĥ − ĤB) e

−iĤBt/~

= ~
[
1 0
0 eiω2t

] [
0 Ω cos(ω2t)

Ω∗ cos(ω2t) ∆

] [
1 0
0 e−iω2t

]
=

~
2

[
0 Ω(1 + e−2iω2t)

Ω∗(1 + e2iω2t) 2∆

]
(2.4)

We make the Rotating Wave Approximation and simplifies the interaction
Hamiltonian as:

H̄0 = ~
[
0 0
0 ω2

]
(2.5a)

H̄int =
~
2

[
0 Ω

Ω∗ 2∆

]
(2.5b)

13



Similarly, for the three ground levels, the total Hamiltonian is

Ĥ =


0 0 0 Ω1 cos(ω1t)
0 δ 0 Ω2 cos(ω2t)
0 0 2δ Ω3 cos(ω3t)

Ω1 cos(ω1t) Ω2 cos(ω2t) Ω3 cos(ω3t) ω1 + ∆

 (2.6)

We move to the interaction picture with the base Hamiltonian

ĤB =


0 0 0 0
0 δ 0 0
0 0 2δ 0
0 0 0 ω1

 (2.7)

In this picture, the perturbation Hamiltonian reads:

H̄int =
~
2


0 0 0 Ω
0 0 0 Ω
0 0 0 Ω
Ω Ω Ω 2∆

 (2.8)

where we used rotating wave approximation and simplify all three Rabi fre-
quencies Ωj are real and equal to Ω. The corresponding Schrödinger equa-
tions are:

˙̄cj =
−iΩ

2
c̄e for j = 1, 2, 3 (2.9)

˙̄ce =
−iΩ

2

(
3∑
j

c̄j + ∆c̄e

)
(2.10)

where c̄js and c̄e are the complex coefficients of quantum levels in the inter-
action picture, |ψ̄〉 =

∑
c̄j |j̄〉+ c̄e |ē〉.

By adiabatically eliminating the excited level, i.e. putting ˙̄ce = 0, the system
of equations reduces to the lower energy subspace and reads

˙̄ck =
iΩ2

4∆

3∑
j=1

c̄j for k = 1, 2, 3 (2.11)

This gives rise to the effective Hamiltonian in the ground state subspace:

H̄eff = −Ω2

4∆

1 1 1
1 1 1
1 1 1

 (2.12)
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H̄eff has Fourier basis as its eigenstates

|φ̄k〉 =
1√
3

3∑
j=1

ηkj |j̄〉 where η = ei
2π
3 (2.13)

The state |φ̄3〉 corresponds to the eigenvalue Ē3 = −3Ω2

4∆
whereas the other

two eigenstates span degenerate subspace with eigenvalue Ē1,2 = 0. For
atoms initially prepared in state |1〉, the shortest time to evolve to an even
superposition of all the three ground states is:

τ =
8π∆

9Ω2
(2.14)

It is therefore this duration that we choose for the implementation of the
tritter. The corresponding unitary operator of the tritter, in the Schrödinger
picture, reads:

Uτ =
1√
3

 1 ηe−iδτ ηe−2iδτ

ηeiδτ 1 ηe−iδτ

ηe2iδτ ηeiδτ 1

 (2.15)

Its inverse is useful for the closing tritter, since we can then apply the same
calculations above to other ground states as input. We obtain the inverse by
flipping the sign of the detuning ∆ as implied from Eq. 2.12, illustrated in
Fig. 2.2 (b).

2.2.3 Blocker

In the three-slit experiment, one can physically block the slit and in this way
remove the photons that were propagating along that path. When spatial
separations of the paths are unavailable, one has to find alternative strate-
gies. We wish to discuss a few ways of implementing the latter blockers
in the atomic system. The aim is to output an unnormalised state where
blocked states are “removed” while coherences between unblocked states are
unaffected. This is analogous to spatial slit experiments, where photons are
removed by the blockers.

State transfer

Conceptually the simplest method of blocking is to transfer the blocked pop-
ulation into a long-lived state outside the {|1〉 , |2〉 , |3〉 , |e〉} subspace. This
method could be implemented using for example metastable excited 3P0

states in alkaline-earth-like atoms. Here, the state lifetime is in the range of
seconds, well above the entire duration of any realistic experimental protocol.
Such transitions are accessed with narrow frequency lasers.
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Dephasing

Since the Sorkin’s quantity tests certain forms of interference, it is interesting
to explore “blocking” realised by dephasing. In this way the population
of atoms in a blocked state does not change, but the coherences to this
state are removed. Here we show that this method indeed gives S3 = 0 in
an experimentally robust way, i.e. for arbitrary input state and arbitrary
measurement.
Mathematically, blocking the jth state is realised by the dephasing map
whose action on a general input density matrix is defined as follows:

Dj(ρ) = |j〉 〈j| ρ |j〉 〈j|+ (1− |j〉 〈j|)ρ(1− |j〉 〈j|) (2.16)

where 1 denotes identity in the ground-states subspace in Fig. 2.2. The
projection operator on jth element removes the off-diagonal elements, while
identity keeps the rest of the state intact. When more than one state is
blocked, we add more projections onto the required elements. Finally, we
note the following identity:

D3 = ρ−D1(ρ)−D2(ρ)−D3(ρ) +D12(ρ) +D13(ρ) +D23(ρ)−D123(ρ) = 0
(2.17)

where 0 is the zero matrix. The matrix notation of Eq. 2.17 is:

D3 =

ρ11 ρ12 ρ13

ρ21 ρ22 ρ23

ρ31 ρ32 ρ33


−

ρ11 0 0
0 ρ22 ρ23

0 ρ32 ρ33

−
ρ11 0 ρ13

0 ρ22 0
ρ31 0 ρ33

−
ρ11 ρ12 0
ρ21 ρ22 0
0 0 ρ33


+

ρ11 0 0
0 ρ22 0
0 0 ρ33

+

ρ11 0 0
0 ρ22 0
0 0 ρ33

+

ρ11 0 0
0 ρ22 0
0 0 ρ33


−

ρ11 0 0
0 ρ22 0
0 0 ρ33

 =

0 0 0
0 0 0
0 0 0

 (2.18)

which ensures that S3 = 0 for arbitrary measurement. Note that this equa-
tion looks very similar to Eq.1.6. In fact Eq. 1.6 is the trace of Eq. 2.18
multiplied by a projector M that represents a valid measurement.

S3 = Tr(MD3) = 0 (2.19)
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For comparison, let us calculate operator analogous for the “state-transfer
method”, which will also be called the elimination method:

B3 =

ρ11 ρ12 ρ13

ρ21 ρ22 ρ23

ρ31 ρ32 ρ33


−

0 0 0
0 ρ22 ρ23

0 ρ32 ρ33

−
ρ11 0 ρ13

0 0 0
ρ31 0 ρ33

−
ρ11 ρ12 0
ρ21 ρ22 0
0 0 0


+

0 0 0
0 0 0
0 0 ρ33

+

0 0 0
0 ρ22 0
0 0 0

+

ρ11 0 0
0 0 0
0 0 0


−

0 0 0
0 0 0
0 0 0

 =

0 0 0
0 0 0
0 0 0

 (2.20)

We want to focus on the last term. In both cases, it represents the output
when all paths are blocked, and is equivalent to absence of input in Eq. 2.20,
which allowed us to omit it in Eq. 1.6. However, this is not the case for
Eq. 2.18 and we must include it for S3 = 0. Experimentally, it means that
we could do only 7 experiments for elimination-based procedure, and 8 for
dephasing-based methods (the same will be true for the spontaneous emission
method describe in the next section).
One possibility to realise controlled dephasing is to use lasers with different
Rabi frequencies in different realisations of the experiment, or applied for
different amount of time, or different detunings. Consider a laser that couples
only state |j〉 to the excited state. By following the steps in Subsec. 2.2.2 one
finds that the populations of the ground states are not modified, but state |j〉
acquires a phase Ω2

j t/4∆. Therefore, averaging over different realisations of
the experiment averages over Ωj or t or ∆ and hence removes coherences to
the jth state. Removal of coherences to more than one state could be done
sequentially.

Spontaneous emission

Our last blocking procedure exploits spontaneous emission as an incoherent
process, removing coherences to a given state. The spontaneous emission
process occurs naturally and hence this method is likely the simplest to im-
plement among the three suggestions. We consider blocking by coupling the
relevant states to the excited levels with the help of resonant lasers. All
the population of the blocked states is then simultaneously transferred to
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Figure 2.3: “Blocking” of states via spontaneous emission. The resonant
laser moves the population of the jth ground state |j〉 to the jth excited
state |ej〉. From each excited state, the atoms incoherently decay to all of
the ground states with probabilities rjk for transition from jth excited state
to the kth ground state.

distinct excited states, from which it spontaneously decays to the ground
states. For example, consider blocking state |2〉 as in the middle of Fig. 2.3.
The population of this state is brought to the excited level |e2〉 and it then
incoherently decays back with rates r21, r22 and r23 to states |1〉, |2〉 and
|3〉 respectively. Therefore, if p2 was the probability to find the atom ini-
tially in state |2〉, after this process the atom is in this state with probability
r22p2. Since spontaneous emission is incoherent, all off-diagonal elements of
the density matrix in the second row and column are reduced to zero. The
other populations increase in effect of this blocking, e.g. the portion r21p1 is
added to p1. Altogether, the quantum map realising this form of blocking of
the jth state is given by

Ej(ρ) = (1− |j〉 〈j|)ρ(1− |j〉 〈j|) +
3∑

m=1

rjm |m〉 〈j| ρ |j〉 〈m| (2.21)

Similarly, simultaneous blocking of pairs of states j and k is encoded by the
map

Ejk(ρ) = (1− |j〉 〈j| − |k〉 〈k|)ρ(1− |j〉 〈j| − |k〉 〈k|) (2.22)

+
3∑

m=1

rjm |m〉 (〈j| ρ |j〉+
3∑

m=1

rkm |m〉 〈k| ρ |k〉 (2.23)

Blocking all the states moves all the atoms to the excited state and hence
the resulting density matrix after spontaneous emission is diagonal, with
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elements updated as follows:

ρmm =
3∑
j=1

ρjjrjm (2.24)

ρmn = 0 for m 6= n (2.25)

With this at hand one verifies that analogous identity to the one in Eq. 2.17
holds.

E3 = ρ− E1(ρ)− E2(ρ)− E3(ρ) + E12(ρ) + E13(ρ) + E23(ρ)− E123(ρ) = 0
(2.26)

There is a for-curiosity question, whether S3 = 0, if the excitation-decay
cycle is repeated more times, each time waiting long enough between the
cycles to ensure that all of the population has indeed been spontaneously
decayed. The answer is negative. Repeating this cycle three times produces
non-zero Sorkin’s quantity, i.e.

ρ− E3
1(ρ)− E3

2(ρ)− E3
3(ρ) + E3

12(ρ) + E3
13(ρ) + E3

23(ρ)− E3
123(ρ) 6= 0

(2.27)

where E3
j (ρ) = Ej(Ej(Ej(ρ))). Systems with 4 and 5 ground states were

calculated as well, and they give non-zero S4/5 after 4 and 5 cycles respec-
tively. This strongly hints at a generalization that starting in a system with
N ground states gives non-vanishing SN after applying the cycle N times.

2.2.4 Measurement

After the blockers, the remaining atoms are allowed to freely evolve for time
T , after which they are measured with the combination of the closing tritter
and a detector monitoring the population in state |1〉. If the state after the
free evolution is denoted by ρ the probability that the detector clicks is given
by

pc = 〈1|U−1
τ ρ(U−1

τ )† |1〉
= 〈1|U †τρUτ |1〉 (2.28)

The measurement can be achieved with a nuclear spin-sensitive shadow imag-
ing technique [23]. The shadow laser shines on the atom from the individual
ground states with low intensity, such that optical pumping can be safely
ignored. The schematics is shown below.
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Figure 2.4: Energy levels and experimentally relevant transitions. A mag-
netic bias field B = 67G lifts the degeneracy of the different Zeeman mani-
folds and allows to address each transition individually. The Landé factors
g are indicated for each hyperfine level. The black arrows correspond to the
tripod beams. The dashed red arrows indicate the transitions used for the
shadow spin-sensitive imaging system. The dash-dotted purple arrow is the
red-detuned cooling transition used in the far off-resonant dipole trap. Image
taken from [23].

We have now covered all the elements of the atomic setup presented in Fig. 2.1
and we are in position to present results of its simulations.

2.3 Simulation

We calculate interference fringes expected in the setup for arbitrary δ and T ,
discuss various sources of noise and estimate the figure of merit κ [8, 11].
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2.3.1 Fringes

Figure 2.5: Interference fringes for various combinations of blocked states.
The blockers erase the corresponding part in the superposition of their input
state. See Subsec. 2.2.3.

Fig. 2.5 and Fig. 2.6 show predicted interference fringes for various com-
binations of blocked states. We plot them as a function of the product δT .
Therefore, for higher external magnetic field, i.e. higher δ, the full fringe
is observed in shorter time. Note that the two blocking methods based on
removing coherences only instead of population give rise to exactly the same
interference patterns. We also note that the interference pattern obtained by
blocking the second state, P13, is twice as fast as the patterns P12 and P23.
This is expected as the energy difference between pair {|1〉 , |3〉} is double the
difference between pairs {|1〉 , |2〉} or {|2〉 , |3〉}. We also derived the analytic
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Figure 2.6: Interference fringes for various combinations of blocked states.
The blockers are realised by dephasing or spontaneous emission. Both block-
ing methods lead to the same fringe patterns. See Subsec. 2.2.3.

expressions of the fringes:

P123 =
1

9
(3 + 4 cos(δτ) + 2 cos(2δτ)) (2.29a)

P12 =
2

9
(1 + cos(δτ)) (2.29b)

P13 =
2

9
(1 + cos(2δτ)) (2.29c)

P23 =
2

9
(1 + cos(δτ)) (2.29d)

P1 = P2 = P3 =
1

9
, P0 = 0 elimination (2.29e)

P1 = P2 = P3 = P0 =
1

3
dephasing/spontaneous emission (2.29f)

2.3.2 Noises

Each box in Fig. 2.1 is subject to noise. The Sorkin’s quantity is experimentally-
friendly in a sense that it vanishes for all initial states and all measurements.
Therefore, common systematic effects, present in every experimental run, do
not contribute to the estimation of S3. We shall discuss them individually
and identify their contributions to the noise. The dominant factor turns out
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to be the finite sample size.

Undefined phases

Consider the first tritter which in different experimental runs prepares states
with slightly different relative phases, i.e. instead of the ideal state we obtain
the state

|ψ〉 =
1√
3

(|1〉+ ηeiδτeiφ2 |2〉+ ηei2δτeiφ3 |3〉) (2.30)

where φ2 and φ3 are the unknown phases. This noise is not important because
after averaging over the phases we effectively deal with a mixed state after
the tritter. For example, if φ2 and φ3 are normally distributed about zero,
the net effect of their randomness is reduction of the off-diagonal elements of
|ψ〉 〈ψ| by a factor exp(−v

2
), where v is the variance of the gaussian. If there

are no further errors in the setup, the Sorkin’s quantity equals to zero due
to Eq. 2.17.

Fluctuation of magnetic field

The fringes in Subsec. 2.3.1 are subjected to fluctuation of magnetic field δ
and time T , but the experimental setup has insignficant time uncertainty. We
assume the magnetic field is normally distributed about value µ. We start
with Eq. 2.29 for the perfect time evolution. Let’s assume that δ = ε+ µ ∼
N(µ, σ2), where ε ∼ N(0, σ2). Under these assumptions, we calculate the
mean and variance of the S3 due to fluctuation of magnetic field during free
evolution between the blockers and the second tritter. We start with some
basic statistical formulae.

E[c] = c where c is a constant (2.31)

Var[c] = 0 (2.32)

which immediately imply that E[P1, P2, P3] = 1
9

or 1
3
, and Var[P1, P2, P3, P0] =

0. Next we use the moment-generating function of normal distribution and
calculate the mean of complex variable eiX = cos(X) + i sin(X);

E[eitX ] = eµt−
σ2t2/2 (2.33)

where µ, σ are the mean and standard deviation of variable X respectively.
Now consider the real and imaginary part separately

E[cos(ε)] = e
−σ2
2 (2.34)

E[sin(ε)] = 0 (2.35)
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Next, the following basic trigonometric formulae are used to obtain expecta-
tion value of cos(δT )

cos(δT ) = cos((ε+ µ)T ) = cos(εT ) cos(µT )− sin(εT ) sin(µT )

E[cos(δT )] = cos(µT )e−
(σT )2

2 (2.36)

which means that the fluctuation of magnetic field will result in expectation

value difference of 1 − e−
(σT )2

2 ≈ (σT )2

2
. But at the same time, all of the

summands in Eq. 2.29 are multiplied by the same factor and then subtracted,
the net effect on E[S3] is cancelled out.
For the variance, we obtain:

cos2(δT ) =
1 + cos(2δT )

2
Var[cos(δT )] = E[cos2(δT )]− (E[cos(δT )])2

=
1

2
(1 + e−

(2σT )2

2 cos(2µT )− 2e−
(σT )2

2
·2 cos2(µT ))

=
1

2
(1 + e−2(σT )2 cos(2µT )− 2e−(σT )2 cos2(µT )) (2.37)

Var[S3] = Var[P123] + Var[P12] + Var[P13] + Var[P23]

= Var[
4 · 2

9
cos(δT )] + Var[

2 · 2
9

cos(2δT )]

= Var[
8

9
cos(δT )] + Var[

4

9
cos(2δT )] (2.38)

If we demand the variance of S3 to be of the order 10−7, σ only needs to be
smaller than 10−2 under the worst case scenario assumptions.

Spontaneous emission: phase change

For the blocking method with spontaneous emission, we assumed that by
blocking a single path, the coherence of the other two paths are unaffected.
For example, if we block the first path:

ρ =

ρ11 ρ12 ρ13

ρ21 ρ22 ρ23

ρ31 ρ32 ρ33

 (2.39)

B1(ρ) =

0 0 0
0 ρ22 ρ23

0 ρ32 ρ33

 (2.40)
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However, due to AC-Stark shift, we expect the phase of the coherence term
to change, i.e.

B1(ρ) =

0 0 0
0 ρ22 ρ23e

−iφ1

0 ρ32e
iφ1 ρ33

 (2.41)

this phase change is only present on the three single-path blockers, since
double-path blockers remove all coherence terms. This combined with the
fact that all single-path-blocker probabilities enter with negative terms in
Eq. 2.26, means that any non-zero phase φ1,2,3 will make S3 6= 0. We can
rewrite Eq. 2.29 to include the changes and estimate the error on S3 without
further simulations:

P123 =
1

9
(3 + 4 cos(δT ) + 2 cos(2δT )) (2.42a)

P23 =
2

9
(1 + cos(δT − φ1)) (2.42b)

P13 =
2

9
(1 + cos(2δT − φ2)) (2.42c)

P12 =
2

9
(1 + cos(δT − φ3)) (2.42d)

P1 = P2 = P3 =
1

9
(2.42e)

S3 =
2

9
(2 cos(δT ) + cos(2δT )

− cos(δT − φ1)

− cos(2δT − φ2)

− cos(δT − φ3)) (2.42f)

For small φ1,2,3, we can estimate the error on S3 is on the same order as |φj|.

Finite sample size

Any experiment can only be repeated a finite number of times and this
influences precision of estimated parameters. In our proposed setup the
final measurement establishes whether the atom is in the initial state or
not. The outcome is accordingly binary and after N repetitions of the ex-
periment, the estimated probability that detector clicks is proportional to
N · p±

√
N · p(1− p), where N · p is the mean of the binomial distribution

with p being the quantum mechanical probability of the click and the error
of
√
N · p(1− p) is characterised by the standard deviation of this binomial
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distribution. Since quantum mechanics predicts S3 = 0, on average this value
will appear after N experimental runs, but with the error bar scaling as

√
N .

At the same time, the double-slit interferences S2
jk, see Eq. 2.1, have lead-

ing terms proportional to N as quantum mechanical double-slit interference
does not vanish. Therefore, finite sample size of N measurement outcomes
gives rise to the value of the figure of merit κ with error bar on the order

1√
N

. A typical cloud in cold atom experiments contains about 105 indepen-
dent atoms and the average over this many individual quantum systems is
realised in a single experimental run. Such a singe run, from producing the
cloud to the final measurement outcome, takes less than 1 second. Within
two weeks one can therefore conduct 6× 105 such experiments bringing the
total sample size to 1010 and the precision of κ down to the order 10−5.

2.4 Summary

We have discussed various ways to implement analogues of triple-slit exper-
iments with atoms. Such experiments could test the Born rule in previously
unexplored domain and could bound non-quantum parameters in general-
isations of quantum mechanics including higher-order interference, e.g. in
the density cube model introduced later. Due to parallel processing of many
atoms in a single experimental run, the scheme considered offers an order of
magnitude improvement in the precision of testing higher-order interference
over the previous results.
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Chapter 3

Interference of
indistinguishable particles

Quantum mechanics is usually described as “linear”, in two-fold sense. The
states |s〉 can always be decomposed into linear superpositions of basis vectors
|j〉, and operators Os on the said states are also linear:

|s〉 =
∑
j

cj |j〉 (3.1a)

O(|s1〉+ |s2〉) = O(|s1〉) +O(|s2〉) (3.1b)

which together gives us the desired property

O(|s〉) =
∑
j

cjO |j〉 (3.2)

We show in this chapter that there is no third- and higher-order interferences
in quantum mechanics of individual particles. However, in second quanti-
zation, higher-order interference emerged in canonical quantum mechanics
and witnesses non-linear transformations of mode operators. Other forms
of non-linearity, e.g. non-linear Schrödinger equations [27–29] or non-linear
detectors [30] also lead to non-zero higher-order Sorkin’s quantity.

3.1 All linear processes lead to vanishing higher-

order interference

First we show that all linear processes give rise to only second order interfer-
ence, i.e. S3 = 0 independent of the input multipartite state. We consider
a beam of indistinguishable particles in an arbitrary input state ρ with M
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Figure 3.1: Example of linear optical experiment with M = 3. The paths
can be individually blocked. The black box represents any linear processes,
e.g. beam-splitters, mirrors etcetera, and their combinations. The output
from the first path is measured at the end.

paths in the setup. The particle number does not have to be well defined, e.g.
the input could be a coherent state of photons. With each path we associate
local Fock space HM spanned by Fock states |n〉m describing n excitations
(photons) in the m-th path (mode). The entire Hilbert space of this system
is therefore a tensor product H1⊗H2⊗· · ·⊗Hm and we need to specify how
blocking of paths is encoded in this formalism. Blocking the m-th path has
the effect:

Bm = (1− |n〉m 〈n|)ρ(1− |n〉m 〈n|) (3.3)

i.e. it produces vacuum in the blocked path and removes coherence from
all the other paths, without re-normalizing the state. If we place the final
detector along the first path, see Fig. 3.1, the intensities can be computed
as:

I = Tr(a†1a1UB(ρ)U †) (3.4)

where a†1a1 is the number operator in H1 and B is the blocking map. Since
the same measurement is conducted for all the combinations of blocked paths,
we introduce an “interference operator” to sum all combinations of blocking.

ÎM = B0(ρ)−B1(ρ)−B2(ρ) + · · · (−1)MB123···M(ρ) (3.5)

IM = Tr(U †a†1a1UÎM) (3.6)
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where the sign for each term follows Eq. 1.7. The Sorkin’s quantity can then
be calculated from Eq. 3.6. Any linear process satisfies

U †ajU =
∑
m

ujmam (3.7)

for all j, where ujm are the complex coefficients and accordingly:

SM = Tr(
∑
m,m′

ujma
†
mam′u

∗
m′j′ ÎM) = 0 (3.8)

where in the last equation we used the fact that the interference operator van-
ishes under partial trace over any path, i.e. Trk(ÎM) = 0 where the partial
trace is over arbitrary non-empty set k. Note that non-linearity is necessary
for higher-order interference, but not sufficient. For example, a non-linear
process mapping a† to a sum of squared operators

∑
m a
†
ma
†
m still admits

SM = 0, because in Eq. 3.8 each term in the sums couples only two paths
and hence the partial trace argument gives vanishing SM . Accordingly, ex-
perimental verification of non-zero SM indicates multi-mode coupling in the
underlying process (could be completely unknown) and provides the minimal
number of the coupled paths.

3.2 Non-linear quantum optics and higher-

order interference

Optical Kerr effect is a phenomenon in transparent materials in which the
refractive index changes in response to an applied electric field. Such changes
are usually small, on the order of 10−16 cmW for silica glass, and so they are
difficult to observe. However, there are materials and techniques for which
the effect is much higher, at 10−5 cmW [31, 32], allowing experiments with
much weaker laser strength.
Possible design of three-path optical experiment producing non-zero S3 is
described below in Fig. 3.2. This is by no means the only way of doing
so. However we chose it over other designs for ease of calculation and large
Sorkin’s quantity. Refer to Appendix. A.1 for comparison. The non-linear
element NL, whose action is described by a non-linear phase shift operator
Ujk, is defined as:

U †jkajUjk = eiθa
†
kakaj (3.9a)

U †jka
†
jUjk = e−iθa

†
kakaj (3.9b)
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Figure 3.2: Experimental design of three-path optical experiment producing
S3 6= 0. The inputs are three lasers described by coherent states |αj〉. Blocker
for each path can be independently inserted. NL is the non-linear media
described by Eq. 3.9. BS is a standard 50-50 beam-splitter. The output
from the first path is measured at the end.

where θ is the strength of non-linearity.
The beam-splitter BS whose action is described by operator Sjk acts as:

S†jka
†
jSjk =

1√
2

(a†j + a†k) (3.10a)

S†jkajSjk =
1√
2

(aj + ak) (3.10b)
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The intensities measured in this setup are:

I123 = Tr(U †23S
†
12a
†
1a1S12U23ρ)

=
1

2
Tr(U †23(a†1a1 + a†1a2 + a†2a1 + a†2a2)U23ρ)

=
1

2
Tr((a†1a1 + a†2a2 + a†1a2e

iθN3 + a†2e
−iθN3a1)ρ)

=
1

2
(|α1|2 + |α2|2 + 〈α1| a†1 |α1〉 〈α2| a2 |α2〉 〈α3| eiθN3 |α3〉

+ 〈α1| a1 |α1〉 〈α2| a†2 |α2〉 〈α3| e−iθN3 |α3〉)

=
1

2
(|α1|2 + |α2|2 + α∗1α2 〈α3|eiθα3〉+ α1α

∗
2 〈α3|e−iθα3〉) (3.11a)

I12 = Tr(U †23S
†
12a
†
1a1S12U23B3(ρ))

=
1

2
Tr((a†1a1 + a†2a2 + a†1a2 + a2a1)B3(ρ))

=
1

2
(|α1|2 + |α2|2 + 〈α1| a†1 |α1〉 〈α2| a2 |α2〉+ 〈α1| a1 |α1〉 〈α2| a†2 |α2〉

=
1

2
(|α1|2 + |α2|2 + α∗1α2 + α1α

∗
2) (3.11b)

I13 = Tr(U †23S
†
12a
†
1a1S12U23B2(ρ))

=
1

2
Tr((a†1a1 + a†2a2 + a†1a2 + a2a1)B2(ρ))

=
1

2
|α1|2 (3.11c)

I23 = Tr(U †23S
†
12a
†
1a1S12U23B1(ρ))

=
1

2
Tr((a†1a1 + a†2a2 + a†1a2e

iθN3 + a†2e
−iθN3a1)B1(ρ))

=
1

2
|α2|2 (3.11d)

I1 = I13 =
1

2
|α1|2 (3.11e)

I2 = I23 =
1

2
|α2|2 (3.11f)

I3 = I0 = 0 (3.11g)

The corresponding Sorkin’s quantity S3 is calculated as:

S3 = I123 − I12 − I13 − I23 + I1 + I2 + I3 − I0

=
1

2
[α∗1α2(〈α3|eiθα3〉 − 1) + α1α

∗
2(〈α3|e−iθα3〉 − 1)] (3.12)
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From these calculations, we can observe that experiments have to incorporate
non-linearity into all three paths (Eq. 3.11a), either directly by non-linear
operators or beam-splitter after non-linear operation, in order to have non-
zero Sorkin’s quantity. This is not a coincidence and is a direct consequence
of Eq. 3.8. If we use “interference operator” in Eq. 3.6, the calculation
becomes much simpler.

Î3 = (|α1〉 〈α1| − |01〉 〈01|)⊗ (|α2〉 〈α2| − |02〉 〈02|)⊗ (|α3〉 〈α3| − |03〉 〈03|)
(3.13)

S3 = Tr(U †23S
†
12a
†
1a1S12U23Î

3)

=
1

2
Tr(U †23(a†1a1 + a†1a2 + a†2a1 + a†2a2)U23Î

3)

=
1

2
Tr[(a†1a1 + a†2a2 + e−iθN3a†1a2 + a†2a1e

iθN3)Î3]

=
1

2
〈α1| a†1 |α1〉 〈α2| a2 |α2〉 (〈α3| e−iθN3 |α3〉 − 〈03| e−iθN3 |03〉) + h.c.

=
1

2
[α∗1α2(〈α3|eiθα3〉 − 1) + α1α

∗
2(〈α3|e−iθα3〉 − 1)] (3.14)

which agrees with Eq. 3.12. In addition, it is possible to have zero Sorkin’s
quantity even with non-linear operation due to symmetry in the setup. For
example, the setup below has symmetrical non-linear elements and the non-
linearity cancels out exactly. This illustrates that negation of result in Sec. 3.1
is not true, i.e. presence of non-linear elements does not guarantee S3 6= 0.

Figure 3.3: Experimental design with three non-linear elements U23, U12 and
U13 of the same strength θ. This configuration produces S3 = 0.

Note that the order of the non-linear elements is inconsequential due to
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commutativity between them.

[Ujk, Ukl] = eiθNjNkeiθNkNl − eiθNkNleiθNjNk

= eiθNj(Nk)2Nl − eiθNl(Nk)2Nj = 0 (3.15)

I123 = Tr(U †13U
†
12U

†
23S
†
12a
†
1a1S12U23U12U13ρ)

=
1

2
Tr((a†1a1 + a†2a2 + a†1e

−iθN2e−iθN3a2e
iθN3eiθN1 + a1e

iθN2eiθN3a†2e
−iθN3e−iθN1ρ)

=
1

2
(|α1|2 + |α2|2 + 〈α1| a†1eiθN1 |α1〉 〈α2| a2e

−iθN2 |α2〉 〈α3|α3〉

+ 〈α1| a1e
−iθN1 |α1〉 〈α2| a†2eiθN2 |α2〉 〈α3|α3〉)

=
1

2
(|α1|2 + |α2|2 + α∗1e

iθN1α2e
−iθN2 + α1e

−iθN1α∗2e
iθN2) (3.16a)

I12 = Tr(U †13U
†
12U

†
23S
†
12a
†
1a1S12U23U12U13B3(ρ))

=
1

2
(|α1|2 + |α2|2 + 〈α1| a†1eiθN1 |α1〉 〈α2| a2e

−iθN2 |α2〉 〈0|0〉

+ 〈α1| a1e
−iθN1 |α1〉 〈α2| a†2eiθN2 |α2〉 〈0|0〉)

=
1

2
(|α1|2 + |α2|2 + α∗1e

iθN1α2e
−iθN2 + α1e

−iθN1α∗2e
iθN2) (3.16b)

I13 = Tr(U †13U
†
12U

†
23S
†
12a
†
1a1S12U23U12U13B2(ρ))

=
1

2
|α1|2 (3.16c)

I23 = Tr(U †13U
†
12U

†
23S
†
12a
†
1a1S12U23U12U13B1(ρ))

=
1

2
|α2|2 (3.16d)

I1 = I13 =
1

2
|α1|2 (3.16e)

I2 = I23 =
1

2
|α2|2 (3.16f)

I3 = I0 = 0 (3.16g)

It is easy to verify that S3 = 0 by the equations above.

Extension into higher-order Sorkin’s quantity

We now extend the three-path experimental setup to arbitrary number of
paths in order to detect higher-order Sorkin’s quantity Sn.
We start with four paths first and then generalize to n paths. The forth-order
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Figure 3.4: Setup with n paths. The non-linear elements connect path two
to all other paths except for the first, where a beam-splitter is placed instead.

interference operator for coherent states as input is:

Î4 =(|α1〉 〈α1| − |01〉 〈01|)⊗ (|α2〉 〈α2| − |02〉 〈02|)
⊗(|α3〉 〈α3| − |03〉 〈03|)⊗ (|α4〉 〈α4| − |04〉 〈04|) (3.17)

The corresponding Sorkin’s quantity is:

S4 = Tr(U †24U
†
23S
†
12a
†
1a1S12U23U24Î

4)

=
1

2
Tr(U †24U

†
23(a†1a1 + a†1a2 + a†2a1 + a†2a2)U23U24Î

4)

=
1

2
Tr(a†1a1 + a†2a2 + a†1a2e

iθN3eiθN4 + a†2e
−iθN3e−iθN4 a1Î

4)

=
1

2
α∗1α2(〈α3| eiθN3 |α3〉 − 1)(〈α4| eiθN4 |α4〉 − 1) + h.c. (3.18)

When compared to S3 in Eq. 3.12, S4 simply multiplies one more term. In
the same spirit, we can calculate SN for the setup in Fig. 3.4 with arbitrary

34



number of paths under the assumption that the laser strength is the same
for all paths, i.e. |α1|2 = |α2|2 = |α3|2 · · · .

Sn =
1

2
α∗1α2(〈α3|eiθα3〉 − 1)(〈α4|eiθα4〉 − 1) · · ·+ h.c. (3.19)

=
1

2
|α|2(e−|α|

2(1−eiθ) − 1)n−2 + h.c. (3.20)

where we have used the formula 〈α|e±iθα〉 = e−|α|
2(1−e±iθ).

3.3 Linear optics with non-linear detectors

Real life photon detectors are imperfect. This effect becomes noticeable in
the extremely high intensity regime [30,33]. We picture a scenario where all
experimental apparatus are linear and free from noises, and only the detector
has non-linear response. To simulate the effect of such detectors, we make a
few natural assumptions based on the response of real detectors [33].

1. The detectors have a sub-linear response to laser intensity.

2. The response is almost linear in low laser intensity range.

3. The overall response curve is at most second order.

3.3.1 Simulating ideal detector

We begin our simulation with coherent superposition of three Gaussian wave
packets in free space, evolve them according to standard Schrödinger equation
for 1 ms, and repeat the simulation with wave packets removed according
to Eq. 1.6 to measure the Sorkin’s quantity. The underlying equations
for simulation is Runge-Kutta method (RK45) with error tolerance set as
10−10. The results are presented in Fig. 3.5 below. The Sorkin’s quantity S3

is simply the sum of these intensities, with signs alternating whenever the
number of slits opened changes, according to Eq. 1.6. It is found to be well
below the numerical precision ((10−14 � 10−10), see Fig. 3.6), as expected
for linear process.
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(a) Inital condition (b) All slits open I123

(c) Slits 1,2 open I12 (d) Slits 1,3 open I13

(e) Slits 2,3 open I23 (f) Slit 1 open I1

(g) Slit 2 open I2 (h) Slit 3 open I3

Figure 3.5: Intensities for a free quantum particle evolved with standard
Schrödinger equation.



Figure 3.6: Sorkin’s quantity for free quantum particle evolved with standard
Schrödinger equation. The values are in the order of 10−14 which is much
smaller than the error tolerance of 10−10 that we have set in numerics. That
is, the third-order interference is numerical 0.

3.3.2 Simulating non-ideal detector

We use the result above and transform the individual intensities to simulate
how a non-ideal detector behaves. The steps are as follows:

1. Using the assumptions, we rescale the intensity as

Inonlinear = Iideal − εI2
ideal

where ε is a small number, and Iideal is intensity at each point of the
screen. Effectively, the whole intensity plot decreases in amplitude, but
the amount differs, where the “taller” part shrinks more.

2. Compute S3 by combining the plots again.

3. Repeat with different ε.
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(a) Simulation of ideal vs non-ideal detector for ε = 2× 10−5

(b) Click probability for a single photon detector at different bias
currents. The blue circles are measured click probabilities. Figure
taken from [30].

Figure 3.7: The trend from the experimental results matches sufficiently well
with our assumption.

We see in the log-log plot in Fig. 3.8 that the magnitude of S3 follows a nice
straight line, with the relation:

O(S3) ≈ O(ε)− 2 (3.21)

Note that the actual number depends heavily on the initial conditions of
system, e.g. mass of the particles, but the linear relation is general, under
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Figure 3.8: Sorkin’s quantity for various strength of non-linearity in detector

the assumptions above. This can be useful to bound the error on Sorkin’s
quantity using detector’s manufacturer specifications, or to determine non-
linearities in the detection processes.
Since all linear processes do not produce higher-order interference (see Sec. 3.1),
any non-zero higher-order interference detected in the form of Sorkin’s quan-
tity can be used to calculate the amount of non-linearity present in the de-
tector. Experimental measurement of relation similar to Fig. 3.8 can be
obtained using detectors with various known non-linearities and then inter-
polated. The relationship between presence and detection of non-linearity is
summarized below:

presence of NL→ presence of HOI→ detection of HOI→ detection of NL

3.4 Simulation of non-linear Schrödinger equa-

tion

We have discussed in Sec. 3.1 that all linear processes lead to S3 = 0. We
want to explore the possibility of S3 6= 0 using non-linear Schrödinger equa-
tions, such as Gross-Pitaevskii equation for Bose-Einstein condensate. The
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non-linearity in these equations originates from the additional term compared
to the usual Schrödinger equation:

i~
∂Ψ

∂t
= −−~

2

2m
∇2Ψ + VΨ +

4π~2Na

m
|Ψ|2 Ψ (3.22)

In particular, we apply Gross-Pitaevskii equation on a cloud of Lithium and
Rubidium atoms, using parameters achieved experimentally [28, 34]. For
convenience we reproduce the parameters here.

Quantity Attractive condensate: Li Repulsive condensate: Rb
m 1.16×10−26 kg 1.45 ×10−25 kg
a -23.3 a0 109 a0

N ≤ 1400 100 000

Table 3.1: Parameters used to simulate experimentally achieved Bose-
Einstein condensates. Bohr radius a0 = 0.529×10−10. Adapted from [29].

We begin with cloud of atoms in coherent superposition of three Gaussians,
each of 1µm wide, spatially separated by 5µm. We evolve the system ac-
cording to Gross-Pitaevskii equation for 1ms and calculate the corresponding
Sorkin’s quantity. Blocking is realised by removing the corresponding part of
the initial superposition. The probabilities for part of superposition blocked
are summarized in Fig. 3.9 and 3.10:
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(a) Initial condition (b) All slits open I123

(c) Slits 1,2 open I12 (d) Slits 1,3 open I13
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(e) Slits 2,3 open I23 (f) Slit 1 open I1

(g) Slit 2 open I2 (h) Slit 3 open I3

Figure 3.9: Intensities for Li atoms. Sorkin’s quantity S3 is obtained by
summing the intensities with signs according to Eq. 1.6.

For the condensate of Rubidium, we obtained the intensities below:

(a) Initial Condition (b) All slits open I123
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(c) Slits 1,2 open I12 (d) Slits 1,3 open I13

(e) Slits 2,3 open I23 (f) Slit 1 open I1

(g) Slit 2 open I2 (h) Slit 3 open I3

Figure 3.10: Intensities for Rb atoms. S3 is calculated in the same way as Li
atoms.
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The difference in behavior between the condensates can be attributed to
their sign of scattering length a. When we compare the intensity plots in
a = 0 Fig. 3.5(g) and a < 0 Fig. 3.9(g), we can see that for Li atoms, they
attracts each other and make the peak narrower. As for Fig. 3.9(b), where
we began with three spatially separated peaks, the evolved intensity is again
three peaks, with less distance between the center of the peaks than the
initial condition. Whereas for a > 0 Fig. 3.10(g), the Rb condensate repels
itself and makes the peak wider than in Fig. 3.5(g). Hence in Fig. 3.10(b),
the initial condition of three peaks evolves and becomes spatially jointed and
create interference pattern.
The Sorkin’s quantity for both species is plotted in Fig. 3.11 and showed
clear signature of non-zero third order interference.

Figure 3.11: Sorkin’s quantity S3 for Li and Rb atoms evolved with Gross-
Pitaevskii equation

3.5 Summary

We derived conditions for higher-order interference to appear under the stan-
dard framework of second quantization. This requires presence of non-linear
elements and indistinguishable particles. We theorized two methods for
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producing higher-order interference, with non-linear optical media and non-
linear Schrödinger equation. These methods can be applied to detect arbi-
trary order of interference if needed. We have also shown that non-linearity
in the detection process leads to non-zero Sorkin’s quantity S3. This may be
used to characterise such non-linearities in the lab.
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Chapter 4

Interference in post-quantum
models 2

Classically, we explore the physical world by directly interacting with it. We
see by photons bouncing into eyes, smell by inhaling molecules into nose. In-
struments merely extend our senses by interacting with the objects on our be-
half. Quantum mechanics offers another possibility for enquiring whether an
object is present at a given location — the interaction-free measurement [35].
It is possible by interferometric techniques to prepare a single quantum parti-
cle in superposition having one arm in a suspected location of the object and
with the measurement scheme which, from time to time, identifies the pres-
ence of the object arguably without directly interacting with it [35–41]. We
ask here if interaction-free measurements could be made perfect and provide
non-trivial information about the presence of the object even if in each and
every run the particle and the object to be detected do not interact directly.
Within quantum formalism the answer is negative for which we provide an
elementary argument as well as a quantitative relation covering this conclu-
sion as a special case.
One could therefore say that we have identified yet another no-go theorem
for quantum mechanics similar to no-cloning [42,43], no-broadcasting [44,45]
or no-deleting [46]. Their importance comes from pinpointing special fea-
tures of the quantum formalism (and nature) which can then be preserved or
relaxed one by one when studying candidate physical theories. In the same
spirit, we explore the possibility of perfect interaction-free measurements in
the framework of density cubes [47] here. The basic idea behind this frame-
work is to represent states by higher-rank tensors, density cubes, in direct
analogy to quantum mechanical density matrices. In this way, more than

2Based on Phys. Rev. A 98, 022108
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two classically exclusive possibilities can be coherently coupled giving rise
to genuine multipath interference [7, 47]. The particular interferometer em-
ployed to theoretically demonstrate the multipath interference has a feature,
also noted by Ref. [13], that the beam of particles used for detection is never
found in one of the paths inside the interferometer but the presence of a
detector in that path affects the final interference fringes. It is exactly this
property that we shall exploit for the perfect interaction-free measurement.
Therefore, within the density cubes model it becomes possible to identify
the presence of an object without detecting any particles near the object. we
consider this consequence too paradoxical to be realized in nature and hence
a strong theoretical reason to reject the density cube model.
This chapter is organised as follows. In Sec. 4.1 we introduce interaction-free
measurements and formally define perfect interaction-free measurement in a
theory-independent way. We show that in all models where processes are
assigned probability amplitudes, satisfying natural composition laws, there
are no perfect interaction-free measurements and also no genuine multipath
interference. Furthermore, we derive within quantum formalism a trade-off
relation characterising interaction-free measurements, which explicitly shows
the impossibility of such perfect measurements. We then move to the den-
sity cube model and gather in Sec. 4.2 all its elements necessary for our
purposes. Similarly to the quantum case, we derive the trade-off relation
within the density cube model, which now opens up the possibility of per-
fect interaction-free measurement. Subsec. 4.2.5 provides explicit examples
of such measurements. The first example uses a three-path interferometer
having the property that the particle is never found in the path where we
place the detector, but the interaction-free measurement fails 50% of the
time (we prove that this cannot be improved using the class of interferome-
ters considered). In next example, we provide N -path interferometer giving
rise to perfect interaction-free measurement and a vanishing probability of
failure in the limit N →∞.

4.1 Interaction-free measurements

We begin with the original scheme by Elitzur and Vaidman [35]. The idea is
presented and described in Fig. 4.1. The problem is famously dramatised by
considering the presence or absence of a single-particle-sensitive bomb, the
tradition we shall also follow.
For a general interferometer (with arbitrary number of paths and transfor-
mations replacing the balanced beam-splitters in Fig. 4.1) one always starts
by tuning it to destructively interfere in at least one of its output ports.
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In this way, if the click in one of these ports is observed we conclude that
the bomb is present in the setup. This constitutes successful interaction-free
measurement and we denote its probability by P!. If the particle emerges in
any other output port, we cannot make any definite statement as this hap-
pens both in the absence and presence of the bomb. The result is therefore
inconclusive and we denote its probability by P?. Finally, if the bomb is
present, the probe particle triggers it with probability P∗. Clearly we have
exhausted all possibilities and therefore

P! + P? + P∗ = 1. (4.1)

Figure 4.1: Interaction-free measurement and relevant parameters. Tuned
Mach-Zehnder interferometer, as in panel a), is moved to the location where
there might be a bomb in the upper arm. The probe particle triggers the
bomb (single-particle-sensitive detector D∗) via path b) with probability P∗.
The measurement is inconclusive if the particle takes path c) because detector
labelled D? also fires when there is no bomb, see a). The probability of
inconclusive result is denoted by P?. Finally, the measurement succeeds if
the top detector clicks and this happens with probability P!, see d). The
measurement is termed interaction-free because had the particle interacted
with the bomb it would trigger it, and it did not.
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4.1.1 Perfect interaction-free measurement

We call an interaction-free measurement perfect when statistics of single-shot
experiments with the same interferometer shows

P∗ = 0 and P? < 1, (4.2)

i.e. when bomb never explodes and yet from time to time we are certain it
was there. We demonstrate an example where both of these probabilities are
zero at the end of this chapter.

4.1.2 No perfect interaction-free measurements in am-
plitude models

In quantum mechanics, the condition P∗ = 0 implies vanishing probability
amplitude for the particle to propagate along the path of the bomb. This
means that the first (generalised) beam-splitter never sends the particle to
that path and hence it is irrelevant whether one places a bomb there or not,
i.e. P? = 1. The same conclusion holds in any theory that assigns probability
amplitudes to physical processes and demands that vanishing probability of
the process implies vanishing amplitude, e.g. probability is a power of the
amplitude. It is intriguing in the present context that many of such models
do not give rise to multipath interference. If the amplitudes are complex
numbers (or even pairs of real numbers), their natural composition laws lead
to Feynman rules, i.e. probability ∼ amplitude2 [48, 49]. Sorkin’s original
argument then demonstrates absence of multipath interference.
Our definition of perfect interaction-free measurement, Eq. (4.2), demands
P∗ = 0 in every measurement run. In practice one might already be satisfied
if P∗ is small, so that in M experimental runs the bomb is unlikely to explode.
Indeed such a setup exists and makes use of quantum Zeno effect in a looped
interferometer [37]. The perfect interaction-free measurements we discuss in
Subsec. 4.2.5 can also be looped and provide advantage over the quantum
solution in the number of loops one has to execute in order to make P?

small, say equal to ε. The best known quantum solution requires M ∼ 1/ε
loops, whereas the post-quantum solution requires only M = − log ε and less
loops, depending on the number of paths inside the interferometer. Having
said this we focus our attention on single-shot experiments and derive now
relation between P∗ and P? within quantum formalism.
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4.1.3 Quantum trade-off

Consider a general interferometer as shown in Fig. 4.2. We present the trade-
off between P∗ and P? for arbitrary mixed states but keeping the second
transformation unitary, i.e. T2 = U2. Let us denote by ρ the density matrix
of the particle inside the interferometer, right after the first transformation.
The probability to trigger the bomb is given by

P∗ = 〈1| ρ |1〉 . (4.3)

If the bomb was not triggered state ρ gets updated to ρ̃ satisfying:

ρ̃ =
1

1− P∗
(1− |1〉 〈1|)ρ(1− |1〉 〈1|), (4.4)

where 1 is the identity operator in the space of density matrices. Accordingly,
the particle at the output of the interferometer is described by U2 ρ̃U †2 . The
probability of inconclusive result is given by the chance that now the particle
is observed at those output ports |s〉 in which it might be present if there
was no bomb:

P? = (1− P∗)
∑
s

〈s| U2 ρ̃U †2 |s〉 , (4.5)

where we multiplied by (1−P∗) to account for the renormalisation in ρ̃. Let us
denote the eigenstates of a density matrix ρ describing the particle inside the
interferometer right after the first transformation as |r〉, i.e. ρ =

∑
r pr |r〉 〈r|.

We also write U2 |r〉 = |φr〉. From Eq. 4.5

P?

1− P∗
= Tr

(∑
s

|s〉 〈s| U2 ρ̃U †2

)
, (4.6)

where the sum is over the paths |s〉 at the output of the interferometer
where the particle could be found if there was no bomb, i.e. if U2 ρU †2 =∑

r pr |φr〉 〈φr| is the state at the output. Therefore, states |s〉 span a sub-
space that contains the eigenstates |φr〉 and we conclude∑

s

|s〉 〈s| =
∑
r

|φr〉 〈φr|+
∑
µ

|µ〉 〈µ| , (4.7)

where |µ〉’s complement the subspace spanned by the paths. Since 〈µ| U2 ρ̃U †2 |µ〉 ≥
0, Eq. (4.6) admits the lower bound:

P?

1− P∗
≥ Tr

(∑
r

|φr〉 〈φr| U2 ρ̃U †2

)
= Tr

(∑
r

|r〉 〈r| ρ̃

)
. (4.8)
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Using the definition of ρ̃ in terms of ρ given in Eq. 4.4

P? ≥ 1− 2P∗ + P∗ 〈1|E(ρ) |1〉
≥ (1− P∗)2, (4.9)

where E(ρ) is the projector on the support of ρ, i.e. E(ρ) =
∑

r |r〉 〈r|
for ρ =

∑
r pr |r〉 〈r|. The last inequality in Eq. 4.9 follows from convexity,

〈1|E(ρ) |1〉 ≥ 〈1| ρ |1〉. We now discuss some special cases of this trade-off in
order to illustrate tightness of the bound and for future comparison with the
cubes model.

Figure 4.2: General interferometer used to derive the trade-off relations. The
particle is injected into the first path. It then enters the interferometer via
transformation T1 and leaves it via transformation T2. Inside the interferom-
eter bomb is present in the first path.

First of all, due to convexity, the lower bound is saturated by pure states.
In other words pure states are the best for interaction-free measurements.
Note also that in quantum formalism by starting with a pure state ρ one
always obtains a pure state ρ̃ after the measurement. It turns out that the
cube model does not share this property and this could be seen as one of the
reasons allowing a perfect interaction-free measurement.
Any density matrix ρ that does not contain coherence to the state |1〉 is
useless for interaction-free measurements. If there is no coherence to state
|1〉, then either (i) one of the eigenvectors of ρ is this state and the others
are orthogonal to it or (ii) all the eigenvectors are orthogonal to |1〉. In the
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case (i) we find 〈1|E(ρ) |1〉 = 1 and hence:

P? = 1− P∗. (4.10)

The trade-off relation becomes an equality due to normalisation of the prob-
abilities. Since both of the probabilities saturate the normalisation bound
there is no place for a successful interaction-free measurement. In the case
(ii) we note that P∗ = 0 and hence the lower bound in Eq. 4.9 already shows
that P? = 1. This again demonstrates impossibility of perfect interaction-free
measurements.
Finally, we note that the trade-off just derived holds for an arbitrary inter-
ferometer (with the second transformation being unitary) and is independent
of the number of paths. For example, inequality 4.9 is saturated by taking
the discrete Fourier transform as both transformations in the interferometer
involving an arbitrary number of paths. This again will be different in the
density cube model.

4.2 Density cubes

The trade-off relation just derived captures the impossibility of perfect interaction-
free measurement in the quantum formalism. We show here that their ab-
sence is a natural postulate which disqualifies certain extensions of quantum
mechanics, namely, the density cube model [47]. This model has been intro-
duced in order to incorporate the possibility of multipath coherence. Why
does quantum mechanics “stop” at second-order interference? How would a
model that gives rise to third-order and higher-order interference look? The
density cube formalism provides the answer to the latter question. In prin-
ciple it could show up in triple-slit experiments. However, we find that this
is unlikely because density cubes allow for perfect interaction-free measure-
ments. We first introduce the elements of the cubes model. Then derivation
the trade-off relation between P? and P∗ within the density cubes frame-
work will be done, which hints at the possibility of perfect interaction-free
measurement. Finally, we provide explicit examples of such measurements.

4.2.1 Probability

The basic entity of the model is a density cube C: a rank-3 tensor with
complex elements Cjkl ∈ C. The density cubes are assumed to be Hermitian
in a sense that exchanging any two indices produces a complex conjugated
element, e.g.:

Cjkl = C∗kjl = Cklj (4.11)
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Hermitian cubes form a real vector space with inner product

(M,C) =
N∑

j,k,l=1

M∗
jklCjkl, (4.12)

where each index of the tensor runs through values 1, . . . , N . Therefore, one
naturally defines the probability to observe outcome corresponding to cube
M in a measurement on a physical object described by cube C by the above
inner product. This is in close analogy to the Born rule in quantum mechanics
which in the same situation assigns probability Tr(MC) =

∑N
j,k=1M

∗
jkCjk,

with M and C being density matrices. In this way the model of density cubes
extends self-duality between states and measurements present in quantum
mechanics [50,51].

4.2.2 States

We shall consider two types of density cubes: the quantum cubes which rep-
resent quantum states in the density cube model and non-quantum cubes
(with triple-path coherence) which extend the quantum set. The former
are constructed from quantum states and are in one-to-one relation with the
quantum states. While non-quantum cubes are also constructed starting from
a quantum state, one can choose various combinations for the triple-path co-
herence terms to construct several distinct non-quantum cubes corresponding
to a given quantum state.

Quantum cubes

Consider the following mapping between a density matrix ρ and a cube CQ:

CQ
jjj = ρjj,

CQ
jjk =

√
2
3

Re(ρjk), for j < k,

CQ
jkk =

√
2
3

Im(ρjk), for j < k,

CQ
jkl = 0, for j 6= k 6= l.

(4.13)

Note that all the terms CQ
jkl where the three indices are different are set

to zero, meaning that these cubes do not admit any three-path coherence.
The remaining elements can be computed using the Hermiticity rule. This
mapping preserves the inner product between the states and hence quan-
tum mechanics and density cube model with this set of cubes are physically
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equivalent. For example, the inner product of an arbitrary 2-level state with
itself, i.e. 〈CQ|CQ〉 = 1, we expect density cube solution to be identical.

C =

{(
C111 C112

C121 C122

)
,

(
C211 C212

C221 C222

)}
CQ =

(
C11 C12

C21 C22

)
(4.14a)

(C,C) = C2
111 + C2

222 + C2
112 + C2

121 + C2
122 + C2

211 + C2
212 + C2

221

= C2
11 + C2

22 +
2

3
(Re(C12))2 +

2

3
(Re(C12))2 +

2

3
(Im(C12))2

+
2

3
(Re(C12))2 +

2

3
(Im(C12))2 +

2

3
(Im(C12))2

= C2
11 + C2

22 + 2(Re(C12))2 + 2(Im(C12))2 (4.14b)

= 〈CQ|CQ〉 = 1 (4.14c)

Non-quantum cubes

We now extend the set of quantum cubes and allow for non-trivial triple-
path coherence by mapping every quantum state ρ to the following family of
cubes:

Cjjj =
1

N − 1
(1− ρjj),

Cjjk =

√
2

3

1

N − 1
Re(ρjk), for j < k,

Cjkk =

√
2

3

1

N − 1
Im(ρjk), for j < k,

C1jk(γ) =

√
1

3

1

N − 1
ωf(γ,j,k), for 1 < j < k,

(4.15)

where ω = exp(−i2π/N) is the Nth complex root of unity and f(γ, j, k) =
{1, . . . , N}. Parameter γ = 1, . . . , N enumerates different cubes that can
be constructed from a given quantum state. Again, the remaining elements
can be completed using the Hermiticity rule. We provide explicit examples
of interesting non-quantum cubes in section 4.2.5 and Appendix B.1. Note
that for simplicity we choose to place the bomb in the first path of the in-
terferometer and therefore we consider cubes where the three-path coherence
involves only state 1 (the first path) and two other states. All the terms Cjkl,
with three different indices, each of which is strictly greater than 1, are set
to zero.
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It is convenient to distinguish a quantum part of the non-quantum cube.
The quantum part Q(C) is obtained by applying isomorphism in Eq. 4.13 to
cube C assuming its three-path coherences vanish. One immediately finds:

Q(C) =
1

N − 1
(1− ρ), (4.16)

where 1 denotes N ×N identity matrix. The probability rule now splits into
the quantum part and the part depending only on the three-path coherences:

(M,C) = Tr[Q(M)Q(C)] +
∑
j 6=k 6=l

M∗
jkl(γ

′)Cjkl(γ), (4.17)

where γ′ and γ specify the cubes M and C according to Eq. 4.15. It is
now clear that non-quantum cubes have non-negative overlap with all the
quantum cubes, as it should be for a probability, because the latter do not
give rise to three-path coherence. We still have to ensure that the inner
products between all the non-quantum cubes are non-negative and bounded
by one. The set of non-quantum cubes of interest here will be shown to be
finite and satisfying this requirement.

4.2.3 Measurement

We shall only be interested in enquiring about particle’s path at various
stages of the evolution. Furthermore, we will focus on checking whether the
particle is in the first path or not. Clearly this measurement is allowed in
quantum mechanics and we choose standard basis as the basis of which-path
measurement. The corresponding quantum cube looks as follows in the case
of triple-path experiment:

M1 =


 1 0 0

0 0 0
0 0 0

 ,

 0 0 0
0 0 0
0 0 0

 ,

 0 0 0
0 0 0
0 0 0

 ,

(4.18)

where the three 3 × 3 matrices describe the cube with elements C1jk, C2jk

and C3jk, respectively. The probability that a particle described by cube C
is found in the first path is (M1, C).
It is essential to the interaction-free measurement to describe the state of
the particle after it has not been found in a particular path. Here the model
of density cubes also follows quantum mechanics and it is assumed that the
cube describing the system changes as a result of measurement. If the particle
is found in the nth path its state gets updated C → Mn, where Mn is the
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quantum cube corresponding to a particle propagating along the nth path. If
the particle is not found in the nth path the model follows generalised Lüder’s
state update rule: erases from the cube all elements Cjkl with j, k, l = n, and
renormalises the remaining elements. Following our three-path example, if
the particle is not found in the first path its generic cube C gets updated to:

C̃ =


 0 0 0

0 0 0
0 0 0

 ,

 0 0 0

0 C̃222 C̃223

0 C̃232 C̃233

 ,

 0 0 0

0 C̃322 C̃323

0 C̃332 C̃333

 ,

(4.19)

where

C̃jkl =
1

1− C111

Cjkl, (4.20)

is the cube element renormalised by the probability that the particle is not
in the first path.
At this stage it has to be ensured that all post-measurement cubes are al-
lowed within the model. This is immediately clear if one begins with a
quantum cube. For the non-quantum cubes we note that we only consider
those cubes which have three-path coherence to the first path and we only
enquire whether the particle is in the first path or not. If the measurement
does not find the particle in the first path all these coherences are updated
to zero and accordingly the post-measurement cube is a quantum one.

4.2.4 Cubes trade-off

We are now ready to present the trade-off relation between P∗ and P? for
a general interferometer in Fig. 4.2. Our trade-off relation holds for trans-
formation T2 that preserves the inner product, while having an additional
assumption on the structure of cube C describing the particle inside the in-
terferometer right after T1. We assume that after the particle has propagated
through the whole interferometer in the case of no bomb, the cube at the
output does not have any two-path and three-path coherence:

T2(C) =
∑
s

psMs. (4.21)
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We ensure this is always fulfilled in our examples. Similarly to the quantum
case, the probabilities entering the trade-off are defined as follows:

P∗ = (M1, C)

P? = (1− P∗)
∑
s

(Ms, T2(C̃)) (4.22)

(4.23)

Therefore:

P?

1− P∗
=
∑
s

(Ms, T2(C̃))

≥
∑
s

(psMs, T2(C̃))

= (T2(C), T2(C̃)) = (C, C̃) (4.24)

where the cube C̃ represents the particle inside the interferometer after the
measurement in the first path has not found the particle there, see Eq. 4.19.
The inequality follows from convexity, then we used Eq. 4.21 and finally the
fact that T2 preserves the inner product. Next, we shall find the minimum
of the right-hand side. Using the expression for the elements of C̃ in terms
of elements of C we find:

(C, C̃) =
1

1− P∗

N∑
j,k,l=2

|Cjkl|2, (4.25)

where C222 + · · · + CNNN = 1 − P∗. Since all of the summands are non-
negative we get the lower bound by setting all the off-diagonal terms to zero.
It is then easy to verify that the minimum is achieved for even distribution
of the probability:

Cnnn =
1− P∗
N − 1

for n = 2, . . . , N. (4.26)

Using this lower bound in (4.24) we obtain:

P? ≥
(1− P∗)2

N − 1
. (4.27)

It is illustrated in Fig. 4.3. One recognises that forN = 2 this relation reduces
to the one derived in quantum mechanics. For two-path interferometers this
is not surprising as in this case the density cube model reduces to standard
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quantum formalism [47]. For higher number of paths, this relation emphasises
that independence of the number of paths is a special quantum feature.

Figure 4.3: Trade-off between the probability to trigger the bomb, P∗, and the
probability of inconclusive result, P?, within the cubes model and quantum
mechanics. The straight line illustrates the trivial bound P∗ + P? = 1. All
other region borders give lower bounds on the value of P? as a function of P∗.
The allowed region for N ′ number of paths inside the interferometer contains
also the regions of N , where N ′ > N . The quantum mechanical trade-off
coincides with the case of N = 2. Perfect interaction-free measurements can
occur if the allowed values on the vertical axis are less than 1, i.e. P∗ = 0
and P? < 1 simultaneously.

Relation 4.27 opens up a possibility of perfect interaction-free measurements.
Indeed for all N ≥ 3 one finds that the right-hand side of the equation is
strictly less than 1 even if P∗ = 0. Furthermore, both probabilities P∗ and P?

can in principle be brought to zero in the limit N →∞. This can be achieved
by setting only a single detector in path 1 in Fig. 4.2 to represent inconclusive
result, and all the other detectors to represent conclusive detection, which
saturates the lower bound set by the trade-off relation 4.27. In the next
section we provide such explicit examples.
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4.2.5 Examples of perfect interaction-free measurements

We present in detail the workings of the perfect interaction-free measure-
ment in the case of three-path interferometer with emphasis on the features
departing from quantum formalism. We will then generalize to N paths.

Three paths

Consider the setup described in Fig. 4.4. The transformation T1 = T2 = T ◦D
is chosen to consist of (quantum mechanical) complete dephasing of two-
path coherences, D, followed by the transformation T defined in Eq. 16 of
Ref. [47], which we will review here for completeness. In addition, we require
T to be an involution, i.e. T 2 = 1. The reason behind this composition
of operations is that T is only defined on a subset of cubes and it might
be that it is impossible to extend it consistently to the whole set of cubes.
The role of the dephasing is then to bring an arbitrary cube to the subset
on which T is known to act consistently. The dephasing operation is defined

Figure 4.4: Schematics for perfect interaction-free measurement experiment
within the density cube model. The cube describing the particle inside the
interferometer has only triple-path coherences to the first path and yet van-
ishing element C111. Therefore the particle is never found along the first path
inside the interferometer and the bomb never detonates, P∗ = 0. But the
presence of the bomb removes the triple-path coherences from the cube and
alters the state, which allows us to detect the bomb.
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to remove completely all two-path coherences in a cube and leave unaffected
the diagonal elements Cnnn and triple-path coherences Cjkl with all indices
different. Since this operation acts only on the quantum part of the cube it
produces allowed cubes. Transformation T has matrix representation

T =
1

2


0 1 1 1 1
1 0 1 ω∗ ω
1 1 0 ω ω∗

1 ω ω∗ 1 0
1 ω∗ ω 0 1

 , (4.28)

when written in the following sub-basis of Hermitian cubes:

B1 = M1, B2 = M2, B3 = M3,

B4 =
1√
3


 0 0 0

0 0 1
0 0 0

 ,

 0 0 0
0 0 0
1 0 0

 ,

 0 1 0
0 0 0
0 0 0

 ,

B5 =
1√
3


 0 0 0

0 0 0
0 1 0

 ,

 0 0 1
0 0 0
0 0 0

 ,

 0 0 0
1 0 0
0 0 0

 .

(4.29)

That is, given an arbitrary cube C in this subspace, the transformation T
acts upon it via ordinary matrix multiplication on the vector representation
of C, i.e. a five-dimensional column vector with jth component given by
(C,Bj). As already alluded to, this subspace consists of cubes which have
no two-path coherences, but solely three-path coherences and the diagonal
terms. It is now straightforward to verify that T is an involution in the
considered subspace. Accordingly, if the particle enters the interferometer
without the bomb though the first path, it is always found in the first output
port of the setup. This adheres to our assumption in Eq. 4.21 as the output
cube is simply M1.
Transformation T is different from arbitrary unitary transformation as it pro-
duces triple-path coherence inside the interferometer. The particle injected
into the first path is described by the cube M1, which in the considered sub-
space corresponds to the vector [1 0 0 0 0]T and one can verify that the corre-
sponding cube after application of T is T (M1) = 1

2
(B2 +B3 +B4 +B5) = C,

which in cube form is given by:

C =
1

2


 0 0 0

0 0 1√
3

0 1√
3

0

 ,

 0 0 1√
3

0 1 0
1√
3

0 0

 ,

 0 1√
3

0
1√
3

0 0

0 0 1

 . (4.30)
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Note that it is a pure cube, i.e. (C,C) = 1, and it contains solely three-path
coherences and elements C222 and C333. The essential feature we are utilising
for perfect interaction-free measurement is the presence of these coherences
even though the probability to find the particle in the first path vanishes

P∗ = (M1, C) = 0. (4.31)

A similar statement for quantum states does not hold. If the probability to
locate a quantum particle in the first path vanishes, all coherences to this
path must vanish, as otherwise the corresponding density matrix has negative
eigenvalues.
If the bomb is present inside the interferometer but it is not triggered the
state update rule dictates to erase all elements Cjkl with any of j, k, l = 1.
We obtain the following cube:

C̃ =


 0 0 0

0 0 0
0 0 0

 ,

 0 0 0
0 1

2
0

0 0 0

 ,

 0 0 0
0 0 0
0 0 1

2

 . (4.32)

It contains no coherences whatsoever and it is mixed, i.e. (C̃, C̃) = 1
2
. We

started with a pure cube and post-selected a mixed one. This is also not
allowed within quantum formalism, where any pure state |ψ〉 =

∑N
n=1 αn |n〉

gets updated to another pure state |ψ̃〉 =
∑N

n=2 α̃n |n〉, with α̃n = αn/
√

1− |α1|2.

Finally, we evolve C̃ = 1
2
M2 + 1

2
M3 through the second transformation and

find that T (C̃) is given by (dephasing has no effect here):

1

4


 2 0 0

0 0 − 1√
3

0 − 1√
3

0

 ,

 0 0 − 1√
3

0 1 0
− 1√

3
0 0

 ,

 0 − 1√
3

0

− 1√
3

0 0

0 0 1

 .

The probability of inconclusive result is given by the probability that the
particle is found in the first path, as it was always there in the absence of
the bomb, and therefore we find:

P? = (M1, T (C̃)) =
1

2
. (4.33)

This probability saturates the lower bound derived in Eq. 4.27 for N =
3 and hence the setup discussed is optimal. The probability of successful
measurement is therefore

P! = 1− P∗ − P? = 1− 0− 1

2
=

1

2
(4.34)
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More than three paths

We now generalise above scheme to more than three paths and show that the
density cube model allows for perfect interaction-free measurement which in
every run provides complete information about the presence of the bomb.
However, this only holds in the limit N →∞.
We shall now construct a set of N pure orthonormal cubes, C(n), which will
then be used to provide transformation T of the optimal interferometer, i.e.
giving rise to the minimal probability of inconclusive result while keeping
P∗ = 0. We set the modulus of all the three-path coherences within each
cube C(n) to be the same and choose its non-zero elements as follows:

C
(n)
jjj =

1

N − 1
, for j 6= n, (4.35a)

C
(n)
1jk =

√
1

3

1

N − 1
x

(n)
jk , for 1 < j < k. (4.35b)

The other non-zero elements can be found from the Hermiticity rule. In this
way, the three-path coherences in cube C(n) are represented by a set of phases
x

(n)
jk , which are unknown at the moment. We arrange the independent phases,

i.e. the ones having j < k, into a vector ~xn. The orthonormality conditions
between the cubes are now expressed in the following equations

(C(n), C(n)) = 1 ⇐⇒ |(~xn)l| = 1

for all n, l, (4.36a)

(C(m), C(n)) = 0 ⇐⇒ (~xm, ~xn) + (~xn, ~xm) = 2−N,
for all m 6= n. (4.36b)

where (~xn)l is the lth component of vector ~xn. Equations (4.36) are solved
in Appendix B.1. Let us write the solution in form of a matrix

X = (~x1 . . . ~xN), (4.37)

having vectors ~xn as columns. We now show how to use it to construct the
“cube multiport” transformation T .
We assume the two transformations in the setup are the same and that T
is defined solely on the subspace of Hermitian cubes which do not have any
two-path coherences. The cubes forming the basis set for this subspace are
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as follows:

B
(n)
jkl =δjnδknδln, (4.38a)

for n = 1, . . . , N

B
(vw)
jkl =

1√
3

(δj1δkvδlw + δjwδk1δlv + δjvδkwδl1) , (4.38b)

for 1 < v < w ≤ N,

B
(wv)
jkl =

1√
3

(δj1δkwδlv + δjvδk1δlw + δjwδkvδl1) , (4.38c)

for 1 < v < w ≤ N.

One recognises that the cubes in the first line are just the Mn cubes describing
the particle propagating along the nth path. The cubes in the second line
describe independent three-path coherences, and the cubes in the third line
their complex conjugations. Altogether there are d = N + (N − 1)(N − 2)
cubes in this sub-basis and transformation T is represented by d× d matrix.
We divide T into four blocks:

T =

(
A C
B D

)
, (4.39)

A being a square N × N matrix, D being a square matrix with dimension
(N − 1)(N − 2) × (N − 1)(N − 2), and B and C being rectangular. By
imposing that T (Mn) = C(n) matrices A and B are fixed to

A =
1

N − 1


0 1 · · · 1
1 0 · · · 1
...

...
. . .

...
1 1 · · · 0

 , B =

(
X
X∗

)
. (4.40)

By further requiring involution T 2 = 1 and Hermiticity T = T † one finds
that

C = B†, D =
√
1−BB†. (4.41)

We show in Appendix B.3 that 1 − BB† is indeed a positive matrix, which
implied that it is invertible and applicable to be solved by Schur compliment
method. This concludes our construction of T . It turns out that this is not
the only way to construct the cube multiport transformation and we provide
other examples in the Appendix B.3. All of them transform the quantum
cubes Mn to the non-quantum cubes C(n). Note that in the considered sub-
space Mn are the only pure quantum cubes and one verifies that C(n) are
the only pure non-quantum cubes allowed. In this way T is shown to act
consistently, i.e. map cubes allowed within the model to other allowed cubes.
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4.3 Summary

We proposed a theory-independent definition of perfect interaction-free mea-
surement. It turns out that quantum mechanics does not allow this possibility
but it can be realised within the framework of density cubes [47]. Notably,
this framework allows transformations that prepare triple-path coherence in-
volving a path where the probability of detecting the particle is strictly zero.
Nevertheless, this coherence can be destroyed if the bomb (detector) is in the
setup, leading to a distinguishable outcome in a suitable one-shot interfer-
ence experiment.3 We therefore propose that such operations should not be
present in a physical theory as they effectively allow deduction of the pres-
ence of an object in a particular location without ever interacting with the
said object. This might be considered as a natural postulate about physical
theories or one might also try to identify other more basic postulates which
imply impossibility of perfect interaction-free measurements.
In this context we note that perfect interaction-free measurements are consis-
tent with the no-signalling principle (no super-luminar communication). In
the density cube model it is the triple-path coherence that is being destroyed
by the presence of the detector inside the interferometer. The statistics
of any observable measured on the remaining paths is the same indepen-
dently of whether the detector is in the setup or not. Hence the information
about its presence can only be acquired after recombining the paths together,
which can be done at most with the speed of light. The situation resembles
that of the stronger than quantum correlations satisfying the principle of
no-signalling [52]. They are considered “too strong” as they trivialise com-
munication complexity [53, 54] or random access coding [55], and they are
at variance with many natural postulates [55–57]. Similarly, we consider
identifying presence of a detector without ever triggering it, i.e. a perfect
interaction-free measurement, as too powerful to be realised in nature. Ex-
actly which physical principles forbid such measurements is, of course, an
interesting question.

3We emphasise that here we study single-shot experiments in contrast to quantum
Zeno effect which allows for perfect interaction-free measurements in the limit of infinitely
many uses of the interferometer [37].
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Chapter 5

Conclusions

We introduced the concept of “genuine multi-path interference” and tools
to quantify it, such as Sorkin’s quantity. Fundamental considerations and
operational advantages of such interference were introduced as motivation of
this thesis.
We described the theory for an atomic equivalent of optical triple-slit ex-
periment, which opens up possibility of improving the bound of third order
interference κ to 10−5 as compared to state-of-the-art optical experiments
which measured 10−4.
We exploited various methods such as non-linear optics or non-linear Schrödinger
equation to achieve non-zero Sorkin’s quantity in otherwise canonical quan-
tum mechanics. They give insights on how much non-linearity is present in
the setup when an experiment gives non-zero Sorkin’s quantity, which allows
experimentalists to make accurate measurements and make calibrations of
apparatus.
We finally went one step further and described a “post-quantum” theory
of density cubes, a model which naturally encompasses multi-path coher-
ence. We showed that the model has operational advantage in the “Elitzur-
Vaidman bomb test” as compared to standard quantum mechanics. However,
the advantage is considered too strong and trivializes position measurement,
and therefore we propose that this feature should not exist in nature.
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Appendix A

Interference of
indistinguishable particles

A.1 Optimal setup for three-path optical ex-

periment

The design in Fig. 3.2 is not the only possible setup to produce non-zero S3.
However, in this appendix we show that for simple combinations of non-linear
elements and beam-splitters, our choice is optimal.
First we replace the beam-splitter in Fig. 3.2 with non-linear element. At first
glance, this satisfies the “non-linearity in all paths” requirement. However
we show that it is actually not true.

Figure A.1: Alternate design of three-path optical experiment. The beam-
splitter in Fig. 3.2 is replaced with a second non-linear element U12.

67



The corresponding Sorkin’s quantity is:

S3 = Tr(U †23U
†
12a
†
1a1U12U23Î

3)

= Tr(U †23a
†
1e
−iθN2eiθN2a1U23Î

3)

which immediately tells us that the non-linearity in path 2 is cancelled out.

= Tr(a†1a1Î
3)

= 0 (A.1)

Next design is a combination of Fig. 3.2 and Fig. A.1, with two non-linear
elements and a beam-splitter.

Figure A.2: Alternate design of three-path optical experiment. It contains
two non-linear elements U23 and U12, and a beam-splitter S12, followed by
the usual intensity measurement in path 1.
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Again, we calculate the corresponding S3:

S3 =Tr(U †23U
†
12S
†
12a
†
1a1S12U12U23Î

3)

=
1

2
Tr(U †23U

†
12(a†1a1 + a†1a2 + a†2a1 + a†2a2)U12U23Î

3)

=
1

2
Tr[(a†1a1 + a†2a2 + U †23e

−iθN2a†1a2e
iθN1U23 + U †23e

−iθN1a†2a1e
iθN2U23)Î3]

=
1

2
〈α1| a†1eiθN1 |α1〉 (〈α2α3|U †23e

−iθN2U23U
†
23a2U23 |α2α3〉

− 〈α203|U †23e
−iθN2U23U

†
23a2U23 |α203〉) + h.c. (A.2a)

=
1

2
α∗1[〈α1|eiθα1〉 〈α2α3|U †23e

−iθN2U23a2e
iθN3 |α2α3〉

− 〈α203|U †23e
−iθN2U23a2e

iθN3 |α203〉] + h.c.

=
1

2
[α∗1α2 〈α1|eiθα1〉 〈α2|e−iθα2〉 (〈α3|eiθα3〉 − 1)

+ α1α
∗
2 〈α1|e−iθα1〉 〈α2|eiθα2〉 (〈α3|e−iθα3〉 − 1)] (A.2b)

where we inserted U23U
†
23 = 1 in step A.2a and used the cyclic property of

trace in the last step. When we compare the result to Eq. 3.12, the extra
terms in A.2b are all less than 1.

〈α1|eiθα1〉 < 1 (A.3a)

〈α2|e−iθα2〉 < 1 (A.3b)

This means the setup in Fig. A.2 has less non-linearity as compared to the
one in Fig. 3.2, which makes detection more difficult. At the same time, it
has more elements which increased the possibility of experimental errors.
Similarly, we derive S3 for other setups containing two non-linear elements
and a beam-splitter.
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Figure A.3: Setup containing two non-linear elements U12 and U13, and a
beam-splitter S12, followed by intensity measurement in path 1.

S3 =Tr(U †12U
†
13S
†
12a
†
1a1S12U13U12Î

3)

=
1

2
Tr(U †12U

†
13(a†1a1 + a†1a2 + a†2a1 + a†2a2)U13U12Î

3)

=
1

2
Tr[(a†1a1 + a†2a2 + U †12e

−iθN3a†1a2U12 + U †12a
†
2a1e

iθN3U12)Î3]

=
1

2
〈α1| a†1eiθN1 |α1〉 〈α2| e−iθN2a2 |α2〉 (〈α3| e−iθN3 |α3〉 − 1) + h.c.

=
1

2
[α∗1α2 〈α1|eiθα1〉 〈α2|e−iθα2〉 (〈α3|e−iθα3〉 − 1)

+ α1α
∗
2 〈α1|e−iθα1〉 〈α2|eiθα2〉 (〈α3|eiθα3〉 − 1)] (A.4)

Again we reached the same conclusion as above. This setup is both less
effective and more prone to error.
Finally, for completeness sake, we calculate the setup which has non-linear
elements U23 and U13
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Figure A.4: The final combination of two non-linear elements three-path
optical experiment. It contains U23 and U13, and a beam-splitter S12, followed
by intensity measurement in path 1.

S3 =Tr(U †23U
†
13S
†
12a
†
1a1S12U13U23Î

3)

=
1

2
Tr[(a†1a1 + a†2a2 + U †23e

−iθN3a†1a2U23 + U †23a
†
2a1e

iθN3U23)Î3]

=0 (A.5)

due to the absence of non-linearity in path 1.
We have derived S3 for single-, double-, and triple-non-linear elements setups,
and found the optimal solution to be the single-element setup in the main
text.
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Appendix B

Density cube model

B.1 Solution to the orthonormality equations

for optimal cubes

The solution is divided into two parts: N even and N odd. The aim is to
find vectors ~xm, ~xn which satisfy the relation (~xm, ~xn) + (~xn, ~xm) = 2−N .

B.1.1 N even

Let M be a (N − 1) × N matrix formed from the discrete N × N Fourier
transform by deleting the first row:

M =


1 ω1·1 ω1·2 · · · ω1·(N−1)

1 ω2·1 ω2·2 · · · ω2·(N−1)

...
...

...
. . .

...
1 ω(N−1)·1 ω(N−1)·2 · · · ω(N−1)·(N−1)

 , (B.1)

where ω = exp(i2π/N). The crucial property we shall use is expressed in the
following multiplication:

M †M =


N − 1 −1 · · · −1
−1 N − 1 · · · −1
...

...
. . .

...
−1 −1 · · · N − 1

 . (B.2)

Hence, the columns of matrix M form vectors with fixed overlap equal to
−1, for any pair of distinct vectors. Let us now form matrix X by stacking
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(N − 2)/2 matrices M vertically:

X =


M
M
...
M

 . (B.3)

Note that matrix X has N columns and (N−1)(N−2)/2 rows. We therefore
define vectors ~xn as columns of X:

X =
(
~x1 ~x2 · · · ~xN

)
. (B.4)

Now, ~xn satisfy our requirement:

(~xm, ~xn) + (~xn, ~xm) = 2(~xm, ~xn) = (N − 2)(M †M)mn for m 6= n

= 2 · N − 2

2
· (−1) = 2−N. (B.5)

B.1.2 N odd

Now we construct matrix M , having dimensions N−1
2
× N , by deleting the

first row of the N × N Fourier transform matrix and taking only N−1
2

top
rows left:

M =


1 ω1·1 ω1·2 · · · ω1·N

1 ω1·1 ω1·2 · · · ω1·N

...
...

...
. . .

...

1 ω
N−1

2
·1 ω

N−1
2
·2 · · · ω

N−1
2
·N

 . (B.6)

This time we have:

M †M =


N−1

2
−1

2
· · · −1

2

−1
2

N−1
2
· · · −1

2
...

...
. . .

...
−1

2
−1

2
· · · N−1

2

+ i (imaginary part). (B.7)

We form matrix X by stacking N−2 matrices M vertically and define vectors
~xn as columns of X as before. Indeed the overlap between distinct vectors
reads:

(~xm, ~xn) + (~xn, ~xm) = 2Re [(~xm, ~xn)]

= 2Re(X†X)mn for m 6= n

= 2(N − 2)Re(M †M)mn for m 6= n

= 2−N.

(B.8)
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B.2 Example of resulting cubes for N = 4

The following four cubes are obtained for the four-path interferometer.

1

3
√

3




0 0 0 0
0 0 1 1
0 1 0 1
0 1 1 0

 ,


0 0 1 1

0
√

3 0 0
1 0 0 0
1 0 0 0

 ,


0 1 0 1
1 0 0 0

0 0
√

3 0
1 0 0 0

 ,


0 1 1 0
1 0 0 0
1 0 0 0

0 0 0
√

3


 ,

1

3
√

3



√

3 0 0 0
0 0 −i −1
0 i 0 i
0 −1 −i 0

 ,


0 0 i −1
0 0 0 0
−i 0 0 0
−1 0 0 0

 ,


0 −i 0 i
i 0 0 0

0 0
√

3 0
−i 0 0 0

 ,


0 −1 −i 0
−1 0 0 0
i 0 0 0

0 0 0
√

3


 ,

1

3
√

3



√

3 0 0 0
0 0 −1 1
0 −1 0 −1
0 1 −1 0

 ,


0 0 −1 1

0
√

3 0 0
−1 0 0 0
1 0 0 0

 ,


0 −1 0 −1
−1 0 0 0
0 0 0 0
−1 0 0 0

 ,


0 1 −1 0
1 0 0 0
−1 0 0 0

0 0 0
√

3


 ,

1

3
√

3



√

3 0 0 0
0 0 i −1
0 −i 0 −i
0 −1 i 0

 ,


0 0 −i −1

0
√

3 0 0
i 0 0 0
−1 0 0 0

 ,


0 i 0 −i
−i 0 0 0

0 0
√

3 0
i 0 0 0

 ,


0 −1 i 0
−1 0 0 0
−i 0 0 0
0 0 0 0


 .

Other solutions for four-path interferometer are possible in Subsec. B.3.2.

B.3 Consistency of the transformation

B.3.1 Positivity of matrix D

We shall find the eigenvalues of 1 − BB† explicitly. Since B = (X X∗)t,
where t denotes transpose, the construction in B.1 for even N gives

BB† =
1

(N − 1)2



MM † · · · MM †

...
. . .

...
MM † · · · MM †

M∗M † · · · M∗M †

...
. . .

...
M∗M † · · · M∗M †

MM t · · · MM t

...
. . .

...
MM t · · · MM t

M∗M t · · · M∗M t

...
. . .

...
M∗M t · · · M∗M t


,

(B.9)
Note that MM † = N 1 inherited from the unitarity of the Fourier matrix.
Similarly M∗M t = (M †)tM t = (MM †)t = N 1. Direct computation shows
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MM t = M∗M † = N 1A, where 1A denotes an anti-diagonal matrix with all
non-zero elements being 1. Therefore, matrix (N −1)2BB† has the following
form for even N :

1 1
. . . · · · . . .

1 1
...

...
1 1

. . . · · · . . .

1 1

1 1
... · · · ...

1 1
...

...
1 1

... · · · ...

1 1
1 1

... · · · ...

1 1
...

...
1 1

... · · · ...

1 1

1 1
. . . · · · . . .

1 1
...

...
1 1

. . . · · · . . .

1 1



. (B.10)

Similarly one finds for odd N :

1 1
. . . · · · . . .

1 1
...

...
1 1

. . . · · · . . .

1 1

0

0

1 1
. . . · · · . . .

1 1
...

...
1 1

. . . · · · . . .

1 1



. (B.11)

In both cases of N being even or odd, the eigenvalues of BB† are either 0 or
N(N − 2)/(N − 1)2. Hence the eigenvalues of D2 are either 1 or 1/(N − 1)2.
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B.3.2 Exemplary transformation for N = 4

We shall only present the D matrices. Following the method above one can
find the principle square root as:

D =
1

3


2 0 0 0 0 −1
0 2 0 0 −1 0
0 0 2 −1 0 0
0 0 −1 2 0 0
0 −1 0 0 2 0
−1 0 0 0 0 2

 . (B.12)

This is not the only solution given the constraints of T 2 = 1 and T = T †.
Other solutions are possible with eigenvalues ±1 or ±1/(N − 1), since we
are only interested in eigenvalues of D2 for the positivity condition. The
following two matrices were obtained by other means:

D2 =
1

3


1 −i i −i i 0
i 1 1 −1 0 −i
−i 1 1 0 −1 i
i −1 0 1 1 −i
−i 0 −1 1 1 i
0 i −i i −i 1

 , (B.13)

D3 =
1

3


1 −1 −i i 1 0
−1 1 −i i 0 1
i i 1 0 −i −i
−i −i 0 1 i i
1 0 i −i 1 −1
0 1 i −i −1 1

 . (B.14)

If we use D3 as an example, then T has the following elements:

T =
1

3



0 1 1 1 1 1 1 1 1 1
1 0 1 1 i −1 −i −i −1 i
1 1 0 1 −1 1 −1 −1 1 −1
1 1 1 0 −i −1 i i −1 −i
1 −i −1 i 1 −1 −i i 1 0
1 −1 1 −1 −1 1 −i i 0 1
1 i −1 −i i i 1 0 −i −i
1 i −1 −i −i −i 0 1 i i
1 −1 1 −1 1 0 i −i 1 −1
1 −i −1 i 0 1 i −i −1 1


. (B.15)
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